Abstract. Formulation of noniterative mathematical expressions for moist thermodynamics presents a challenge for both numerical and theoretical modellers. This technical note offers a simple and efficient tool for approximating two common thermodynamic relationships: temperature T at a given pressure P along a saturated adiabat T (P, θ w ), as well as its corresponding inverse form θ w (P, T ), where θ w is wet-bulb potential temperature. Our method allows direct calculation of T (P, θ w ) and θ w (P, T ) on a thermodynamic domain bounded by −70 ≤ θ w < 40°C, P > 1 kPa and −100 ≤ T < 40°C, P > 1 kPa, re-5 spectively. The proposed parameterizations offer high accuracy (mean absolute errors of 0.017°C and 0.002°C for T (P, θ w ) and θ w (P, T ), respectively) on a notably larger thermodynamic region than previously studied. The paper includes a method summary, as well as a ready-to-use tool to aid atmospheric physicists in their practical applications.
errors (on the order of a degree) in the upper atmosphere. Despite the limitations, to our knowledge Bakhshaii and Stull (2013) is the only existing noniterative solution to approximate saturated pseudoadiabats.
Our current study presents a different approach for directly calculating T (P, θ w ) and θ w (P, T ) offering improved accuracy for a larger thermodynamic domain. The method, described in Section 2, normalizes the raw data before fitting it with polynomials. The resultant approximation is evaluated against the "truth" (the iterated solution) and summarized in Sections 3 and 4, 5 respectively. As Supplementary Material we offer the readers a ready-to-use spreadsheet implementing our methodology.
The goal of this paper is to provide a simple tool that can aid analytical modellers in their theoretical work as well as numerical modellers in reducing the computational cost of their simulations.
Method Description

Data
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In order to obtain a set of "truth" curves for T (P, θ w ) we have used an iterative approach to numerically integrate the equation for dT dP (Tables 1 and 2 ) for values in the range of −100 ≤ θ w < 100°C between 105 ≥ P > 1 kPa. We found that numerical integration along a saturated adiabat θ w from the bottom to the top of the domain required an increasingly refined pressure step, as all adiabats tend to absolute zero near the top of the atmosphere, and each consecutive pressure step corresponds to a larger temperature jump. For our numerical integration we used 10 −4 kPa step for 105 ≥ P > 10 kPa, 10 −5 kPa step for 10 ≥ P > 2 15 kPa and 10 −6 kPa step for 2 ≥ P > 1 kPa. The resulting curves (shown on thermo diagram in Figure 1 ) are taken as "truth", to which we fit our polynomial-based optimization. The non-iterative approximations for T (P, θ w ) and θ w (T, θ w ) described below are valid for thermodynamic ranges bounded by −70 ≤ θ w < 40°C and −100 ≤ T < 40°C, respectively.
Approximating T (P, θ w )
While the moist adiabiatic curves θ w in Figure 1 look smooth and fairly similar, it is challenging for most common optimization 20 routines to capture all of them with a single analytical expression. To remove some of the inherent nonlinearity in the data we can normalize our curves by dividing each θ w by a reference moist aidiabat θ ref . We use polynomial fitting to describe T (P ) for the fixed θ ref . This is convenient, since polynomials are generally wellbehaved. The choice of the degree of polynomial depends on the desired precision level. Since we are examining a fixed range of temperatures relevant to atmospheric applications, the potentially chaotic behavior of high-degree polynomials outside of the modelled domain is not a primary concern. For this example, the aim was to ensure that the mean absolute error (MAE) is can be seen in Fig. 2 with fit coefficients provided in Table 3 . The next step is to choose a single functional form to represent the entire family of the transformed curves. Each given shape of a particular curve is then controlled by variable parameters of the same function. A number of simple functions exists that are able to model the above relationship. For this work we tested bi-exponential, arctan, rational and polynomial 5 functions. Generally, a reasonable fit can be achieved with both bi-exponential and arctan functions using as little as three variable parameters. While efficient, the results of such fit are unlikely to be sufficiently accurate to be useful for real-life modelling applications. Another concern with these choices is that the variable parameters are not well-behaved functions and are hence difficult to model. Polynomial fitting doesn't appear to suffer from such issues. Moreover, the accuracy can be controlled by changing the 10 degree of the polynomial and, hence, allowing a higher number of variable parameters. In this example, the curves were modelled using 10th degree polynomials, resulting in 11 variable parameters. Conveniently, and unlike other functional forms mentioned above, these parameters are also well-behaved. They can, again, be modelled using high-degree polynomials to the desired level of accuracy. Results of parameter fitting for this given example were again produced using 20th degree polynomials and can be see in Figure 3 with fit coefficients provided in Table 4 . The resulting modelled moist adiabats can be 15 seen in Figure 1 , compared to the truth values.
Approximating θ w (P, T )
A similar approach can be used to produce a non-iterative approximation for θ w (P, T ). To obtain a new set of curves representing lines of constant temperature in θ w domain, we have used our existing dataset for −100 ≤ θ w < 100°C to extract isotherms on a 0.5°C and 0.1 kPa grid for −100 ≤ T < 40°C and 105 ≥ P > 1 kPa.
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Similarly to our earlier approach, we select a single reference curve T ref = T −100 • C and use a high-order polynomial to model it as a function of pressure ( Figure 4 , Table 5 ). We then produce a set of transformed curves by normalizing the isotherms with T ref . We fit the transformed curves with 10th degree polynomials, obtaining a dataset for 11 variable parameters. Finally, we use polynomials to model the variable parameters ( Figure 5 , Table 6 ). The following section discusses the results and accuracy of our optimization procedure.
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Evaluation
To test the accuracy of the proposed method, we compared our modelled curves for T (P, θ w ) and θ w (P, T ) with those obtained through direct calculation (the "truth" iterative solution). The results of the evaluation for T (P, θ w ) are shown in Figure 6 , indicating errors on the order of few hundredths of a degree throughout most of the domain. Warmer values near the top of the domain tend to be modelled least accurately. Mean absolute error (MAE) for the entire modelled thermodynamic region 30 is 0.017°C. Error contours for θ w (P, T ) are shown in Figure 7 , with errors on the order of few thousandths of a degree throughout most of the domain and overall MAE = 0.002°C. Once again, values near the low-pressure limit tend to be least accurate. Notably, applying the above optimization on a slightly shallower pressure domain of P > 2 kPa, allows to improve the overall MAE for both approximations by an additional order of magnitude.
As mentioned earlier, improved accuracy may also be achieved with the use of even higher degrees of polynomials for parameter fits. However, such precision is unlikely to be necessary, as some of the thermodynamic relationships used in the "truth" iterative computations contain substantially larger errors, than those introduced by the above optimization procedure (Bakhshaii and Stull, 2013) .
Though the upper 10 kPa of the atmosphere contains the largest errors with our proposed approach, this vertical subrange also presents the most significant challenge for direct (iterative) numerical modelling. Accurate numerical computation requires an 10 increasingly refined vertical step for the top part of the atmosphere. Hence, despite the errors, the proposed approximation offers a more accurate solution than one would obtain with direct iterative approach using a somewhat coarse yet computationally demanding 0.001 kPa pressure step.
While common weather phenomena generally remain in the troposphere, the validity of the current method on a notably larger vertical domain is particularly useful in the lower latitudes. Deep vertical extent of tropical thunderstorms, hurricanes 15 and typhoons in combination with the high tropopause altitude in the tropics (10-15 kPa) contribute to large computational costs of modelling these potentially destructive events.
Summary of approach
Individual steps to directly compute T (P, θ w ) and θ w (P, T ) are summarized below. This sample procedure, along with the required coefficient tables are provided in a ready-to-use form in the attached spreadsheet (Supplementary Material). Note, that 20 the same coefficients presented in Tables 3 -6 are rounded to fewer significant digits to fit them and might, hence, offer lower accuracy, relative to the full significant digits in the suplementary spreadsheet.
Computing T (P, θ w )
Let n = 0, ..., 10 correspond to the index of individual polynomial coefficients and m = 20 be the degree of polynomial fits for θ ref (P ) and k n (θ w ), respectively. 25 1) Compute coefficients k n (θ w ) using polynomial coefficients a 20 , ..., a 0 in Table I in Supplementary Material (and Table 4 here) :
for θ w in degrees C. Table II in Supplementary Material (and Table 3 here):
where T and θ ref are in Kelvins, and values of k 0,...,n correspond to polynomial coefficients calculated in Step 1.
Computing θ w (P, T )
Let n = 0, ..., 10 correspond to the index of individual polynomial coefficients and m = 20 be the degree of polynomial fits for T ref (P ) and κ n (T ), respectively. 1) Compute coefficients κ n (T ) using polynomial coefficients α 20 , ..., α 0 in Table III in Supplementary Material (Table 6) :
2) Compute T ref (P ) using polynomial coefficients β 20 , ..., β 0 in Table IV in Supplementary Material (Table 5) :
where θ w and T ref are in degrees C, and values of κ 0,...,n correspond to polynomial coefficients calculated in Step 1.
Usage Example
Meteorologists typically use both θ w (P, T ) and T (P, θ w ) for moist convection such as thunderstorms, frontal clouds, mountain- ). Further suppose that a force (e.g., buoyancy, frontal uplift, or orographic uplift) causes an air parcel with these initial conditions to rise. Initially this air parcel is unsaturated (not cloudy), so we don't need to use the polynomial or iterative equations. Instead, simpler non-iterative equations apply for the thermodynamic state as the parcel rises dry adiabatically. Namely, its temperature cools at the dry adiabatic lapse rate (9.8°C km −1 ), and the mixing ratio and potential temperature are constant. This air parcel will become saturated (i.e., cloud base) at the lifting condensation level (LCL). With this information, other thermodynamic equations (Stull, 2017) can be used 5 to find conditions at the LCL: z LCL = 1.375 km, P LCL = 85.4 kPa, and T LCL = 18.5°C.
Given this initial P and T at the LCL, we can use the polynomial equations provided in this paper to compute which moist adiabat the cloudy air parcel will follow: θ w (P, T ) = 24.0°C.
If this cloudy air parcel (still following the θ w (P, T ) = 24.0°C adiabat) rises to an altitude where the pressure is P = 24.0 kPa, then we can use the second set of polynomial equations in this paper to find the final temperature of the air parcel at this 10 new height: T (P, θ w ) = −39.8°C.
Discussion and Conclusions
The polynomial method proposed here is accurate, smooth, and computationally efficient. For example, given the cloud base and cloud top pressures of the previous example, the tally of computer operations to find both the initial and the final temperature are: 230 additions and subtractions, 2365 multiplies (where rational numbers to integer powers are counted as sequential 15 multiplies). Compare that to the computation tally for the "truth" iterative solution, requiring a total of 2,750,000 variable pressure steps, where each step has: 8 additions and subtractions, 17 multiplies (where rational numbers to integer powers are counted as sequential multiplies), 9 divides, and 2 math functions (e.g., log, exp, non-integer exponents), totalling to 988,200,000 operations from the bottom to the top of the domain. Also, for comparison, some numerical weather prediction models use a look-up table to get the average saturated adiabatic 20 lapse rate ∆θ w /∆P as a function of P and T . While this method is fairly fast, it is also less accurate, and approximates the saturated lapse rate as a series of short straight-line segments instead of a smooth curve. It also has discontinuous jumps of saturated lapse rate as T varies along an isobar.
Thus, the polynomial method proposed here provides a computation of high accuracy and smooth variation across the whole thermodynamic diagram range, at intermediate computation speed compared to the other methods. Moreover, it helps 25 to model moist thermodynamics on a wider temperature range with roughly two orders of magnitude MAE improvement over the existing solution.
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